
Math 565: Functional Analysis
Lecture 11

Main Hahn-Banach corollaries
.
Let X be a complex) morned rector space.

(a) For each closed subspace TEX and x & XIY
,

7 fex* with Hy = 0 , f(x) +0.

In fact
,
we can ensure I/f1l = 1 and f(x) = 0 : = dist(x

,
4) := inf llx-yl. j

Y↳10) If O + xEX Man 7 FEX* sit . 1fll = 1 and f(x) = 1 x II
.

(c) Bounded linear functionals separate points of X , i. e . for xty in X,
there is fe X% with f(x) + fly) .

(d) For each xEX
,
define X : X

*
- & by * (f) : = f(x) . Then l* 1 = 1x11 , so the

map

x Hi : X->X** is an isometry
.

Propf
.

(a) Define f : Y + (x +> D by f(y + xx) = X . %.

This is a linear functional with
1 fl = 1 because If(y+ xx)) = 1x · ↓ <(x)/IEy + X11 = 11y + xx1) and V23O we an choose

yeY so What Pally+XII , Is It hence z : =
1 (s+ x) has norm 1 and

11y + xI)

11-a)(f(z)) =
1

f(y+ x) = 0
=I-E

.

lly + xI)Ilg+ xII o

Now extend- to FEX* with IE1 = All = 1 by the complex Hahn-Banach , getting
athe desired functional,

(b) This is just(ad with Y = 203.

(c) Apply (6) to X-y.

() Nearly (* (f) = (f(x)) : 1181(x1= 1x11 : 111
,
20 Kill = (x)I

.
For equality , apply (9) to x



to get fex
* with IfI = ) and f(x) = 1x1)

,
so ((f)) = /f(x)/= 1x1)

,
hear Cl = /x11

.

DEN

We demote by * the image of X under the isonetig X *: X + X** Since X
**
I

1

a Banach space (regardless of whether X is) , hence X is closed in X***> X is Barack.

If X is not a Banach space, in X
**

is a completion of X into a Bannch space.

We call X reflexive if Y = X**. In particular , effexive spaces must be

Banach spaces. Note that XEX&* does not imply reflexivity in general because X being
reflexive means that specifically the natural

map x #X: X->*** is an isometric isomorphism.

Examples. (a) All finite dimensional normed rector spaces (i. e . S") are reflexive (in

particular Banach) . This is proved in basic linear algebra.

1) For K >&alam spac (m) , Lu is eflexivea

and it is the natural
map
fief : (" -> (11** that witnesses the isometisomorphism (

"
= /LP)**

(c) Co : = Co (IN)
,
i
. e. the space of sequences of D converging

to O
,

is not reflexive

In fact
, Kol

* -I' so (0** = 2
* and ↳ Eld
I

Proof
. By the Reist representation Theorem

, co
*
= the space RMIN) of all complex Radon

measures on IN
.
But IN is discrete

,
so BCN) = P(IN)

,
hence RMIN) = &' (IN)

.

But

Ill** and if we identify (
* with 1 % the natural map x *: 10 -> 130)** turns

into the inclusion x1X : -1% which is clearly not subjective , so co is not reflexive(

Moreover
, col* by any other

map
because It is not separable, whileco is : indeed

,

= [x(Q + iQLIM : XEC
,
i
. e . has only finitely many nonzero entries] is utbl and dense in c.

(d) e' := e'(M) is not reflexive
.

In fact
,
(1)*: 14 and 111(94↑

Proof
.
We have shown (11**:1198 and 1998 isn't separable (otherwise

,
1 would

be separable , by HW) , heave isn't somorphic to 11 ; in particular , e'5119



Geometric Hahn-Banach .

Det . In a leal rector space X
,

a set REX is called convex if it is closed under

conver combinations
,
i
. e . <x + 11-d) y El wherever x,yel and 2 C0

, 1.

Let X be a normed rector space an H=X a convex open set with DEC . Define

the Minkowski functional p :
X+ IR of U also called the

gauge of
U) by

p(x) = = in f(x > 0 : 2
+

xzU3 = 0
.

Learned
.
If REX is convex open

and PEU
,
Men p is a nonnegative sublinear functio-

nal (but not a seminoml
,
which is bounded (i

.

e
. 7 0 s

.

t
. (p(x)/ < (1x11 FxeX)

and U = < p(1).
Ecflxd

Lemma 2. Let U = X be a convex open set and XoEX\U. U + = f(x))

Then IfEX
*

will fly < f(x)
·

·

Xo

I
aNet

. A hyperplane H in a wormed rector
space X is a

set of the form H = (f = c) for come &X* and cEIR.

Remark
.

The word "hyper" refers to this set being a cost of co-cine I subspace
kerf

.
Co-dimension refers to the dimension of the quotient X/perf.

Thus Lemma I says
that a convex open

set can be separated from a point

by a hyperplane .
We can boost this from a pointe to any convex set.

Geometric Hahn-Banach . Let X be a real wormed rector space and A
, BEX be

disjoint convex rats. If A is open ,
Men A and B are separated by a hyperplane,

i
. e

. FfEX* and a real sele such What fla >s and flies .



Proof. Ut U : = A- B : = (a- 6 : EA and beB)
,

here U is convex·/ and open since U = VIA-b) and A-b is open.b713

(f= s] Because AlB = 0 , DAU hene Lenna 2 gives an fe*
*

with Flu < f(0) = 0
,
i . e . Farbell

,
fla-b) O nene flat < f(b)

. Thus:

P
fla) e inff(b)

,

bEB

so Here is a reals in between
,
hence flass and flis*S

.

But bene A

is open
and rectained in the closed set hfs] , it does not intersect

QEDthe boundary of this closedout
, namely , If = 3) . Hence

, flas .

Application of Hahn-Banach : Barach limits Jaka means on IN).

let c := < (1) be the subspace of 10= 1PN) of all convergent sequences in K .

Note . Letting 1 : = AN = (1
,
7
,

1
, ..
)
,

we see that c = D. 1 + Co
.

Obs
.

Co is a closed subspace of < (in the unite norm) and a is a closed subspace of 1
lalso in the uniform worm).

Prop . The map
L : - D by ((x) := finx(n) is a linear functional with 1/211 = 1

cutisfying (11) = 1 and is "Shift invariant
,
i
.
e
.
Los = L

,
where

3 : &+ e* by Kulnen It Kualne .

Also
,
Lis a positive linear functional,

i
. e

.

If X-0
,
the LWc-0

. Conversely , these conditions uniquely determine -
Proof. The forward direction is immediate

,
while the converse is HW.

The following Moren allows for taking limite of bounded requences that do not converge :

Existence of Banach limits. 7 EE199
*

such that



(i) [os= (chift-invariant) ;
(ii) Ill = 1

;

(iii) [lc = L ;

(iv) [is positive , i. e . x = 0 => Exc-0 .
In particular

,
if xele

,
then Lx1R.

Proof. The "in particular" part in liv) follows from the nonnegativity of I bense if xeli,
then x = X + -X- with X

+,
X--0

,
hence [(x) = [(x+) - [(x) = nonney - monregEIR .

We first define I or his
,
and then unikely extend (bs linearity) te ee.


